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ABSTRACT 

The problem o f  t e s t i n g  whether one r e g r e s s i o n  f u n c t i o n  i s  

l a r g e r  than  ano ther  on a  s p e c i f i e d  s e t  R  i s  considered,  The 

r e g r e s s i o n  f u n c t i o n s  must be l i n e a r  f u n c t i o n s  o f  t h e  parameters 

b u t  need n o t  be l i n e a r  f u n c t i o n s  o f  t h e  independent  v a r i a b l e s ,  

The proposed t e s t  has an e x a c t l y  s p e c i f i e d  s i z e  i n  t y p i c a l  

s i t u a t i o n s ,  The t e s t ' s  c r i t i c a l  v a l u e  i s  a  s tandard  t p e r c e n t i l e ,  

The power f u n c t i o n  o f  t h e  t e s t  i s  i n v e s t i g a t e d ,  

1. INTRODUCTION 

I n  t h i s  paper we c o n s i d e r  t e s t i n g  whether t h e  r e g r e s s i o n  

f u n c t i o n  f rom one p o p u l a t i o n  i s  above t h e  r e g r e s s i o n  f u n c t i o n  

f rom ano ther  p o p u l a t i o n  f o r  a l l  va lues  o f  t h e  independent 

v a r i a b l e  i n  a  s p e c i f i e d  se t ,  

Tsutakawa and Hewett ( l 9 7 8 ) ,  Hewett and Labab id i  (1980) and 

S p u r r i e r ,  Hewett and Labab id i  (1982) have p r e v i o u s l y  cons idered  

Copyright O 1984 by Marcel Dekker, Inc. 0361-0926/84/1315-1793$3.50/0 
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t h i s  t e s t ing  problem. Their t e s t s  assume t h a t  the  regression 

functions a r e  l i n e a r  functions of the  independent var iable .  

Their t e s t s  cannot be used i f  some form other  than l i n e a r  i s  

assumed f o r  the  regression functions.  The model considered herein 

general i zes  the  model s of Tsutakawa and Hewett (1 978) a i d  Hewett 

and Lababidi (1980) in three  ways. F i r s t  the  regression functions 

may be functions o ther  than l i n e a r  functions of the  independent 

var iables .  For example, the  regression functions may be quadrat ic  

or higher degree polynomials, Second, the  two regression 

functions need not be of the  same functional  form. For example, 

one may be a l i n e a r  function and the  o ther  a quadratic function.  

Third, the s e t  of values of the  independent va r i ab le  of i n t e r e s t  

t o  the  experimenter need not be a hypercube as required by these  

two models. The t e s t  proposed herein reduces t o  the  t e s t s  of 

Tsutakawa and Hewett (1978) and Hewett and Lababidi (1980) f o r  

the  special  models they consider.  

In Section 3 an example i s  considered, I t  concerns 

comparison of pa r t i cu la t e  emissions (dependent va r i ab le )  over a 

range of f l u e  openings (independent va r i ab le )  f o r  large  and small 

f lues  (popula t ions) ,  The models and t e s t s  of the  previous 

authors a r e  inappropriate f o r  t h i s  da ta  because a l i n e a r  

regression provides a poor f i t  f o r  the data .  But the  model and 

t e s t  proposed in  Section 2 may be used because a quadra t ic  

regression provides a good f i t ,  Computational aspects  of the  

t e s t  a r e  discussed in  Section 4 ,  The r e s u l t s  of a simulation 

study inves t igat ing the  power of the proposed t e s t  a r e  discussed 

in  Section 5, Theoretical r e s u l t s  regarding the  s i z e  of the  t e s t  

and equivalence with o ther  t e s t s  a r e  proved i n  Section 6, 

2. MODEL AND TEST 

Let { (Xl j ,  Y l j l ,  j = I,..-,rill and i (XZj ,  YZj), j = 1 ,..., n22) 
denote two independent s e t s  of observations where X;, = 

' J  
X i  , . . . X j  The independent var iables  Xi may be observed 
random vectors o r  design var iables  f ixed by the  experimenter. 
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REGRESSION FUNCTION 1795  

The e n t i r e  a n a l y s i s  i s  c o n d i t i o n e d  on t h e  observed va lues  o f  X i j o  

L e t  R denote a  s e t  o f  va lues  of X i j  o f  i n t e r e s t  t o  t h e  exper imenter .  

We assume t h a t  g i v e n  t h e  Xij = xij, t h e  dependent v a r i a b l e s  Y .  . 
12  

a r e  independent normal random v a r i a b l e s  w i t h  mean and v a r i a n c e  

and 

2  Var(Y. .) = 0 . 
1 J 

L 
Bi = (Bil,. . . ,B ) I ,  i = 1,2, and a a r e  unknown parameters. 

i ~ i  
T h e f i ( x )  = ( f i l (x ) , . . . , f  ( x ) ) ,  i = 1 , 2 ,  a r e k n o w n v e c t o r s o f  i p .  
f u n c t i o n s  which d e f i n e  t h e  F u n c t i o n a l  f o r m  o f  t h e  r e g r e s s i o n  

f u n c t i o n s .  

By a l l o w i n g  p, f p2 and flm(x) f f Z m ( x ) ,  t h i s  model a l l o w s  

t h e  two r e g r e s s i o n  f u n c t i o n s  t o  have d i f f e r e n t  f u n c t i o n a l  forms. 

The f i r s t  m i g h t  be a  l i n e a r  f u n c t i o n  and t h e  second a  q u a d r a t i c  

f u n c t i o n .  As mentioned i n  S e c t i o n  1, p rev ious  models f o r  t h i s  

problem r e q u i r e d  b o t h  r e g r e s s i o n  f u n c t i o n s  t o  be l i n e a r  f u n c t i ~ n s  

o f  t h e  independent v a r i a b l e .  

We w ish  t o  compare t h e  r e g r e s s i o n  f u n c t i o n s  fl(x)f31 and 

f2 (x )B2 .  I n  p a r t i c u l a r  we a r e  i n t e r e s t e d  i n  whether fl ( x ) ~ ~  i s  

g r e a t e r  th83n f 2 ( x ) B 2  on R. The t e s t  we w i l l  propose i s  a  s i z e  a 

t e s t  o f  

Ho: fl (x)Bl 5 f 2 ( ~ ) ~ 2  f o r  a t  l e a s t  one x E R 

HA: fl(x)B1 > f2 (x )B2  f o r  every  x  E R, 

L e t  bl and b2 denote t h e  l e a s t  squares es t imates  0.f B1 and 

B2 and l e t  

denote t h e  pooled e s t i m a t e  o f  aL where v = nl - pl + n2 - p2. The 
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1796 BERGER 

es t imate  bi has a  m u l t i v a r i a t e  normal d i s t r i b u t i o n  w i t h  mean Pi 

and covar iance m a t r i x  02Di1 where t h e  (m, n )  e lement  o f  Di i s  
nl 

1 L e t  e ( x )  = fl (x )D-  f '  ( x )  t f 2 ( x ) D i 1 f i ( x ) .  Then t h e  v a r i a n c e  o f  
l 2  

f l ( x )b l  - f 2 ( x ) b 2  i s  u e ( x ) ,  

The t e s t  we propose f o r  t e s t i n g  Ho versus HA i s  based on t h e  

t e s t  s t a t i s t i c  T d e f i n e d  by 

T  = min T (x )  
XE R 

where 

The t e s t  r e j e c t s  Ho i n  f a v o r  o f  HA i f  and o n l y  i f  T  > tl-a,v where 

tl -a,v i s  t h e  1 - a  p e r c e n t i l e  o f  a  t d i s t r i b u t i o n  w i t h  v degrees 

o f  freedom, 

T h i s  t e s t  i s  always a  l e v e l  a  t e s t  i n  t h a t  t h e  p r o b a b i l i t y  o f  

a  t y p e  one e r r o r  i s  always l e s s  than  o r  equal t o  a. T h i s  t e s t  has 

s i z e  e x a c t l y  equal t o  a  i f  (2,3), (2,4),  and (2.5) a r e  t r u e .  

R  i s  a  c losed  and bounded, i ,e, , compact, subset  o f  (2,3) 
k-d imensional  Eucl idean space. 

The f u n c t i o n s  f .  . ( x )  a r e  cont inuous f u n c t i o n s  on R, ( 2 - 4 )  
1 J 

There a r e  va lues  o f  B1 and B2  such t h a t  fl (x)B1 = (2.5) 
f 2 ( x ) B 2  f o r  one va lue  o f  x E R and f, (x)B1 > f 2 ( ~ ) 8 2  

f o r  a l l  o t h e r  x  E R. 

These f a c t s  a r e  proved i n  S e c t i o n  6. Two examples o f  when (2,3),  

(2.4), and ( 2 - 5 )  a r e  s a t i s f i e d  and t h e  s i z e  i s  e x a c t l y  a  a r e  a l s o  

g i v e n  i n  S e c t i o n  6. 

The t e s t  we have proposed may be m o t i v a t e d  i n  t h i s  way. It 

r e j e c t s  Ho if and o n l y  if f o r  each x  E R, t h e  i n d i v i d u a l  t e s t  o f  

Hex: fl(x)B1 5 f2(x)B2 versus  HAx: fl ( x ) B ~  > f 2 ( x ) B 2  based on 

t h e  t e s t  s t a t i s t i c  T (x )  r e j e c t s  HoxG Such t e s t s  a r e  c a l l e d  
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REGRESSION FUNCTION 

intersection-union t e s t s .  They have been discussed by Gleser 

(1 973), Berger (1982) and Berger and S inc la i r  (1984). 

3, APPLICATION 

As an appl ica t ion of the  t e s t  proposed in Section 2, consider 

the  a i r  pollution data f o r  wood stoves found in  Table I, The 

independent var iable  X i s  the  a i r  in take  s e t t i n g ;  values of .25, 

.50, .75 and 1 .OO = f u l l y  open were used in the  study, Table I  

contains data from two populations corresponding t o  large  

(population 1 )  and small (population 2) f l u e  s i z e s ,  

Suppose the  experimenter wishes t o  compare the  average 

pa r t i cu la t e  matter  vented over the  range of a i r  intake s e t t i n g s  

R = ix :  .50 5 x 5 1.001. Perhaps t h i s  range i s  of i n t e r e s t  

because the  s e t t i n g s  people use most of ten  a r e  in t h i s  range, In 

pa r t i cu la r  suppose the  experimenter wishes to  determine i f  t he  

average emissions from the  small f l u e  a r e  lower than the  average 

emissions from the  large  f lue .  If  t h i s  were t rue  then the  small 

f l u e  could be considered be t t e r  than the  large  f l u e  in  control l ing  

emissions. 

The data from Table I a re  p lo t ted  in  Figure 1 .  The p l o t  

indica tes  t h a t  a l i n e a r  regression will  provide a poor f i t  t o  
2 both the  large  and small f l u e  data .  Indeed, R = .16 f o r  the  large  

TABLE I  

Pa r t i c l e  Emissions a t  Various Flue Set t ings  

Set t ing  ( f r ac t ion  open) Emissions (percent 1 ight  blocked) 

Large f l u e  Small f l u e  

.25 42, 40, 39 44, 42, 42 

.50 26, 26. 30 28, 28, 27 

.75 29, 27, 29 26, 27, 25 
1 ,OO 34, 33, 34 31, 36, 34 

Data from Mendenhall, W. and Rienmuth J .  E ,  (1982). S t a t i s t i c s  
f o r  Management and Economics, Fourth Edit ion,  Duxbury Press,  
Boston, 537, 
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TEE parc'l'I0N ~(1) 
HDUHDDATXnl.0 

FIGURE 1 

2 f l u e  and R = .23 f o r  the  small f l u e  when simple l i n e a r  regressions 

a r e  performed. Since l i n e a r  regressions provide such a poor f i t ,  

t he  t e s t s  of Tsutakawa and Hewett ( l978) ,  Hewett and Lababidi (1980), 

and Spurr ier ,  Hewett and Lababidi (1982) a r e  inappropriate f o r  t h i s  

problem. B u t  quadratic regressions f i t  the  data from both 
2 populations well ,  For quadratic regressions,  R = .90 f o r  the  

2 l a rge  f l u e  and R = .96 f o r  the  small f l u e .  

In an e f f o r t  t o  determine i f  t h e  small f l u e  i s  b e t t e r  than 
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REGRESSION FUNCTION 

the large f l u e  f o r  .50 5 x < 1.00, consider t e s t ing  - 

2 
H o :  B l l  + B12x + B13X 2 821 + BZ2x + B 2 3 ~  

2 

f o r  some .50 ( x ( 1.00 

versus 

f o r  a l l  .50 5 x 5 1.00 . 
The estimated regression functions a re  60,08 - 99..27x + 7 3 . 3 3 ~  2 

2 f o r  the large f l u e  and 68,OO - 124 .80~  + 90-67x fo r  the small 

f lue ,  These regression functions a re  shown in Figure 1 ,  

The pooled estimate of 0' i s  s 2  = 53.08/18 = 2.95. The corre la t ion 

matrices a re  

Thus the t e s t  s t a t i s t i c  T fo r  t e s t ing  Ho versus HA i s  

= min -7,92+25.53x-17 .34xL 

2 3 "55x9 1.72k.16-36.00~+95,48~ -106.68~ t 4 2 . 6 6 ~  4 

The function T(x) i s  graphed in  Figure 2 and i s  c lea r ly  minimized 

fo r  .5 ( x  ( 1  a t  x = 1.  T h u s  T = T(1) = .21. Using a = . l o ,  we 

find t.g0,,8 = 1.333, The t e s t  does not r e jec t  Ho s ince 

T < 1.333. Ne cannot conclude t h a t  the average emissions f o r  

large f lues  i s  greater  than the  average emissions f o r  small f lues  

fo r  a l l  se t t ings  between .5 and 1. 
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EMISSIONS KRSUS RUE SDl lNG 

W RE X-X 
WbGEFlUE +----+ 

FIGURE 2 

4,  COEIPUTATIONAL CONSIDERATIONS 

I n  (2.1) t h e  t e s t  s t a t i s t i c  T  was d e f i n e d  as t h e  minimum o f  

T (x )  over  t h e  s e t  R. T y p i c a l l y  t h e  computat ion o f  t h e  t e s t  

s t a t i s t i c  w i l l  be accomplished by a  numer ica l  m i n i m i z a t i o n  o f  

T ( x ) ,  I f  x  i s  u n i v a r i a t e  t h e  e v a l u a t i o n  o f  t h i s  minimum m i g h t  

be accomplished by means o f  a  graph o f  T ( x ) ,  such as F i g u r e  2. 

The problem o f  m i n i m i z i n g  a  f u n c t i o n  such a t  T ( x )  which i s  t h e  

r a t i o  o f  two f u n c t i o n s  of x  has been s t u d i e d  e x t e n s i v e l y  i n  t h e  
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REGRESSION FUNCTION 1801 

mathemat ica l  programming l i t e r a t u r e  by Charnes and Cooper (1962), 

Swarup (1965), Sharma (1967) and Craven and Mond (1973, 1975a, 

and 1975b), These a u t h o r s  have found t h a t  t h i s  n o n l i n e a r  

programming problem i s  e q u i v a l e n t  t o  o t h e r  n o n l i n e a r  programming 

problems which do n o t  i n v o l v e  f r a c t i o n s ,  These r e s u l t s  c o u l d  

simp1 i f y  t h e  numer ica l  m i n i m i z a t i o n  o f  T ( x ) .  

But  t o  per fo rm t h e  t e s t  t h e  a c t u a l  v a l u e  o f  T need n o t  be 

computed. One o n l y  needs t o  know whether T > tl-a,v o r  

T 2 tl-a,vo I n  t h i s  s e c t i o n  we d e s c r i b e  two s h o r t c u t s  f o r  making 

t h i s  d e t e r m i n a t i o n  w i t h o u t  t h e  e x a c t  computat ion o f  T. 

4, l  S h o r t c u t  f o r  d e t e r m i n i n g  i f  H, i s  accepted " 

L e t  X* denote an a r b i t r a r y  f i n i t e  subset  o f  R. F o r  example, 

i f  R = (x: xi* 5 x i  ( x ? ,  i = 1 ,..., k1, X *  m i g h t  be t h e  s e t  o f  2  k 

extreme p o i n t s  (xl,. . . ,xk) where xi = xi* o r  xy. L e t  T '  = m in  T(x).  

S ince T i T' ,  i f  T '  ( t,-a accep t  Ho. XEX* 
- YV 

The r e s u l t s  o f  a  s i m u l a t i o n  s t u d y  a r e  g i v e n  i n  Tables I 1  and 

111. T h i s  s tudy  i s  d e s c r i b e d  i n  S e c t i o n  5. I n  Tables I 1  and I11 

t h e  second (m idd le )  number f o r  each e n t r y  i s  t h e  p r o p o r t i o n  o f  t h e  

acceptances which were determined by t h e  s h o r t c u t  method. 

X*  = C1, -11 was used, These va lues  i n d i c a t e  t h a t  t h e  usefu lness 

o f  t h i s  s h o r t c u t  depen?: w t h e  a c t u a l  r e g r e s s i o n  func t ions .  But,  

i n  many cases, a  l a r g e  p ~ ~ p o r t i o n  o f  t h e  acceptances were 

determined by t h i s  s h o r t c u t .  I n  18 o u t  o f  t h e  62 cases i n  which 

t h e r e  were some acceptances, a l l  o f  t h e  acceptances were determined 

by t h e  s h o r t c u t ,  

4.2 S h o r t c u t  f o r  d e t e r m i n i n g  i f  H, i s  r e j e c t e d  " 

For  t h i s  s h o r t c u t  t o  be v a l i d ,  a must be no more t h a n  .5. 

S ince a i s  u s u a l l y  5 . I ,  t h i s  r e s t r i c t i o n  i s  n o t  p r a c t i c a l l y  

impor tan t .  L e t  m denote t h e  number o f  d i s t i n c t  nonconstant  

f u n c t i o n s  i n  Cf,,(x): i = 1 ,  j = 1 .  1 .  L e t  Z* denote t h e  
' J  I 

s e t  o f  2m p o i n t s  ( z t ,  2 ; )  = ((L,, 
" " ' Z l p l  

Y ( z ~ ~ " .  2 P 2  1) 
formed by  r e p l a c i n g  f. . ( x )  by e i t h e r  *max f .  . ( x )  o r  m i n  f. . ( x )  i n  

1 J xeR ',I xoR '3 
( f , (x),  f 2 ( x ) ) .  Note t h a t  i f  f l r (x)  = f 2 s ( ~ )  t h e n  zlr = zZs, i ,eo,  
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TABLE I1  

Power o f  t he  j e s t  and Percentage o f  Acceptances and R e j e c t i o n s  
by  Sho r t cu t s  f o r  Se lec rea  Po rn t s  6 ( ~ ) = i ~ ( x ) p ~ f ~ ( x ) ~ ~  i n H o .  

F i r s t  ( t o o )  e n t r y :  es t ima ted  power o f  t h e  t e s t  
Second ( m i d d l e )  e n t r y :  percentage o f  acceotances d e t e c t e d  by  s h o r t c u t  

i n  Sec t i on  4.1 
T h i r d  ( bo t t om)  e n t r y :  percentage o f  r e j e c t i o n s  d e t e c t e d  by  s h o r t c u t  

i n  S e c t i o n  4.2 

T h e o r e t i c a l l y  these values a re  2 .05. These es t ima tes  a r e  > .05 due t o  
sampl ing e r r o r .  
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TABLE I11 

Power o f  t h e  T e s t  and Percentage  o f  Acceptances and R e j e c t i o n s  
by s h o r t c u t s 1  f o r  S e l e c t e d  Pornts  6 ( ~ ) = f ~ ( x ) 3 ~ - f ~ ( x ) p ~  i n  HA.  

V I I  

6(x )= -x2+2x+3+c  

V I I I  

6(x )= -4x2+4+c  

I See Table I1  foo tno te ,  
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t h e  maximum o r  minimum i s  used i n  b o t h  z; and z;. L e t  

where 

1:f T* > t 1  -a ,v t h e n  T  > t 

more, i f  T* = T(z*)  where 

i n  f a c t  T* = T, 

For  example, suppose 

and R = j x :  -1 - < x  5 23. 
A 

and H can be r e j e c t e d ,  F u r t h e r -  
1  -a ,v 0 

z * = ( f l ( x ) ,  f 2 ( x ) )  f o r  some x  E R  then, 

2 
fl ( x )  = (1, x,  x  ) ,  and f 2 ( x )  = (1, x ) ,  

There a r e  two d i s t i n c t  nonconstant  

f u n c t i o n s ,  x  and xL, and t h e  2' = 4  va lues  o f  ( z i ,  z i )  i n  Z* a r e  

( ( 1 ,  -1, O), (1, - I ) ) ,  ( (1 ,  -1, 41, (1, - 1 ) ) s  ( ( 1 ,  2, 01, (172) )  

and ( ( 1 ,  2, 4 ) ,  (1, 2 ) ) ,  P o i n t s  l i k e  ( ( 1 ,  -1, O), (1, 2 ) )  where 

x  has been r e p l a c e d  by i t s  minimum i n  zj+ and i t s  maximum i n  z; a r e  

n o t  i n  Z*"  

The v a l i d i t y  o f  t h i s  s h o r t c u t  i s  based on two f a c t s ,  t h e  f a c t  

about f u n c t i o n s  which a r e  t h e  r a t i o s  o f  l i n e a r  f u n c t i o n s  and square 

r o o t s  o f  p o s i t i v e  q u a d r a t i c  f u n c t i o n s  ment ioned i n  t h e  p r o o f  o f  

Theorem 2, S e c t i o n  6, and t h e  f a c t  t h a t  A = C ( f l  ( x ) ,  f 2 ( x ) ) :  

x  2 R} i s  a  subse t  o f  

B = i ( z l ,  z 2 ) :  min f . . ( x )  ( z i j  ~ m a x  f . . ( x )  and 
xeR l J  XER l J  

so a  minimum over  A i s  n o t  l e s s  t h a n  a  minimum over  B. 

Th is  s h o r t c u t  was used i n  t h e  s i m u l a t i o n  s tudy  o f  S e c t i o n  5 ,  

I n  t h i s  case R = i x :  -1 2 x  5 11. f l ( x )  = f 2 ( x )  = (1, x, x') so 

t h e r e  a re  m  = 2  d i s t i n c t  nonconstant  f u n c t i o n s .  The zm = 4 p o i n t s  

i n  I* a r e  ( (1 ,  -1, 01, (1, - I 9  011, ( (1 ,  -1, 1 ) ,  (1,  -1, I ) ) ,  

( (1 ,  1, 01, (1, 1, 0 ) )  and ( ( 1 ,  1, 11, (1, 1, 

I n  Tables I1 and 111, the t h i r d  (bot tom) number f o r  each e n t r y  i s  

t h e  p r o p o r t i o n  o f  t h e  r e j e c t i o n s  which were d e t e c t e d  hy t h i s  

s h o r t c u t .  The use fu lness  o f  t h i s  s h o r t c u t  i s  seen t o  depend on 

t h e  a c t u a l  va lue  o f  t h e  r e g r e s s i o n  f u n c t i o n  b u t  i n  many cases t h e  
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proportion i s  f a i r l y  high. In 17 out of 71 cases a l l  of the  

r e j ec t ions  were detected by t h i s  method, avoiding numerical 

minimization of T(x).  

5. POWER FUNCTION 

A simulation study was conducted t o  inves t igate  the  power 

function of the  t e s t ,  In t h i s  study the  regression functions were 
2 f i (x )Bi  = B i l  + Bi2x + Bi3x2, i  = 1 ,  2. The variance o was s e t  

equal t o  one. The sample s i z e s  n l  and n 2  were both 10 with 3 

observations a t  eact- of x = 1 and x = -1 and 4 observations a t  

x = 0. R = ix:  -1 5 x 5 13. The s i z e  of the  t e s t  was fixed a t  

a = .05 by using t.95,14 = 1.761, The International  Mathematics 

and S t a t i s t i c s  Library programs GGNSM and GGCHS were used t o  
2 generate the  random vector bl - bp and the  random var iable  s . 

A t o t a l  of 3000 repe t i t i ons  were used t o  obtain each of the  

est imates in  Tables I1 and 111. 

The maximum probabi l i ty  of a Type I e r r o r  takes place when 

f l  ( x ) B ~  = f2(x)B2 f o r  one x and f l  (x)pl  - f 2 ( ~ ) @ 2  becomes l a rge  

f o r  a l l  o ther  x. This can be observed in  Table I1 where the  

probabi l i ty  of a Type I e r r o r  i s  given f o r  various values of a l  
and B~ in the  null  hypothesis. As one proceeds across rows 11, 

111, IV o r  V of Table 11, f l ( ~ ) ~ l  = f 2 ( ~ ) $ 2  f o r  one value of 

x (x = -1 f o r  Rows 111, IV and V and x = 0 f o r  Row 11) and 

f l ( x ) 8 ]  - f 2 ( ~ ) p , 2  i s  becoming large  f o r  a l l  o ther  values of x, 

The probabi l i ty  of a Type I e r r o r  increases t o  a = .05 as one 

proceeds across any row, The estimates s l i g h t l y  exceed .05 in  a 

few cases due t o  sampling e r ro r .  

The power function of the  proposed t e s t  exh ib i t s  the following 

monotonicity property, I f  ( P l y  B 2 )  and (Bf, B;) a re  two parameter 

vectors which s a t i s f y  

f o r  every x with s t r i c t  inequal i ty  f o r  some x ,  then the  power a t  
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(Bf, 8;) i s  g rea te r  than the  power a t  (B1, B2) This property i s  

apparent a s  one proceeds across any row in  Tables I1 o r  111. 

The power of the  t e s t  i s  near one only i f  f l(x)B1 - f2(x)B2 

i s  l a rge  f o r  a l l  x .  This i s  t he  case f o r  the  rightmost e n t r i e s  

in Table 111. In Table 111, the minimum d i s t ance  between the  

regression functions i s  c ,  The power nears one only a s  the  

minimum dis tance  c becomes large .  

The t e s t  we propose i s  biased in  t h a t  t h e  probabi l i ty  of 

r e j ec t ing  Ho i s  l e s s  than ct f o r  some ( B ~ ,  B 2 )  i n  HA. The f ea tu re  

was noted by Tsutakawa and Hewett (1978) f o r  the  special  model they 

considered and i t  continues t o  e x i s t  f o r  the  more general models 

we consider This biasedness can be observed in  the  e n t r i e s  f o r  

c = .5 which a r e  l e s s  t h a t  .05 in  Table 111, B u t  a s  noted by 

Tsutakawa and Hewett (1978) f o r  t h e i r  special  case,  t he  t e s t  we 

propose i s  cons i s t en t  in t h a t ,  f o r  any f ixed point  (Bl, B2) in 

H A ,  t he  power can be made a r b i t r a r i l y  near one by choosing the  

sample s i z e s  s u f f i c i e n t l y  l a rge ,  Although we do not fee l  t h i s  

b ias  i s  ser ious ,  i t  should be noted t h a t  the  power of  the  t e s t  we 

propose may be small i f  f l  (x)B1 exceeds f2(x)B2 by only a small 

amount over most of R.  

The power function proper t ies  we have described i n  t h i s  

sec t ion a r e  t rue  in  general ,  not j u s t  f o r  the  case of quadra t ic  

regression we considered in the  simulation experiment, The proofs 

of these  f a c t s  can be accomplished using the  methods employed in  

proofs in  Section 6. 

6 ,  SIZE A N D  EQUIVALENCE RESULTS 

Results regarding the  s i z e  of the  t e s t  and the  equivalence of 

the  t e s t  t o  the  t e s t  proposed by Tsutakawa and Hewett (1978) and 

Hewett and Lababidi (1980) a r e  given i n  t h i s  sec t ion,  

Theorem 1:  Under the  assumptions of our model the  t e s t  has 

level  a ,  i . e , ,  
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I f  i n  a d d i t i o n  (2,3), (2.4),  and (2.5) a r e  t r u e  t h e n  t h e  t e s t  has 

s i z e  e x a c t l y  a, i ,e., (6.1) i s  t r u e  w i t h  = r e p l a c i n g  5. 

The p r o o f  o f  Theorem 1 w i l l  use Lemma 1 which can be proved 

u s i n g  s tandard  a n a l y s i s  methods, 

Lemma 1 : L e t  gn(x ) ,  n = 1, 2,.. . , be cont inuous f u n c t i o n s  on a 

compact s e t  R. Suppose t h e r e  e x i s t s  an x E R such t h a t  gn(xo) 0 
i s  cons tan t  (say c )  f o r  a l l  n, Suppose gn(x)  inc reases  t o  

i n f i n i t y  as n f o r  a l l  x f xo, Then 

lirn min  gn(x)  = c, 
n- XER 

Proof o f  Theorem 1: F i x  ( B i ,  B;) E Ho. There i s  an xo E R 

such t h a t  fl ( x o ) B i  5 f2(x0)B;. Consider t e s t i n g  

HOx : fl (xO)B1 ( f 2 ( ~ 0 ) 8 2  versus HAx : fl (xO)B1 > f2(x0)i320 The 

t e s ?  which r e j e c t s  H i f  T(xo)  > tl-a,u 
0x0 

O 
i s  a l e v e l  a t e s t  o f  

Hox0. S ince T 5 T(xo)and ( B j ,  B i )  E HOxo, then  

Since (B;, 8;) was a r b i t r a r y ,  ( 6 , l )  i s  t r u e .  

S ince (6.1) i s  t r u e ,  t o  prove t h e  second p a r t  o f  t h e  theorem 
n i t  s u f f i c e s  t o  show t h e r e  e x i s t s  a sequence (67, p2). n = 1 ,ZyO * .  , 

such t h a t  (BY ,  8;) E Ho f o r  n = 1.2 ,..., and 

The es t imates  bi, i = 1,2, can be w r i t t e n  as bi = Zi + Bi 

where Z1, Z2 and s a r e  independent, and Zi has a p i -va r ia te  normal 
2 -1 d i s t r i b u t i o n  w i t h  mean 0 and var iance-covar iance  m a t r i x  o Di . I n  

t e r n s  o f  these  q u a n t i t i e s ,  t h e  s t a t i s t i c s  T and T ( x )  can be w r i t t e n  as 

T = T(Z1, Z2, S ,  B1, B2) = min T(x;Z1, Z2, S,  81' B2) 
xeR 

and 
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Consider t h e  sequence (87, B';) d e f i n e d  by B; = nB? where t h e  B? 

a r e  t h e  parameters i d e n t i f i e d  i n  (2 .5 )L  For  a f i x e d  v a l u e  o f  

z f  c RP1, z* E RP2 and s* > 0, d e f i n e  
2 

The gn(x )  s a t i s f y  t h e  c o n d i t i o n s  o f  Lemma 1 s i n c e  1 )  fij a r e  

cont inuous,  2)  s * m  > 0, 3 )  fl(x0)8; = f2(xo)B; and 

4 )  fl (x)B; - f2(x)B'; i nc reases  t o  i n f i n i t y  as n + f o r  a l l  

x # xo. By Lemma 1. l i m  T(zf ,  z;, s*, 87, B;) = 
n- 

T(xO;zf, 25, s*, Bf, P;). S ince z f ,  z;, and s*, were a r b i t r a r y ,  

t h i s  i m p l i e s  t h a t  t h e  random v a r i a b l e s  T(Z1. Z2. s, R;, 6;) 

converge t o  T(xo;Z1, Z2, S,  87, 8;) w i t h  p r o b a b i l i t y  one and 

hence i n  d i s t r i b u t i o n .  Thus 

Cond i t ions  (2.3),  (2.4), and (2.5) a r e  s a t i s f i e d  i n  these  two 

s imp le  cases, These c o n d i t i o n s  a r e  s a t i s f i e d  i f  t h e  f. . ( x )  
1 J 

i n c l u d e  t h e  cons tan t  1, t h e  l i n e a r  f u n c t i o n s  xi, i = 1 ,. . . ,k, and 

t h e  q u a d r a t i c  f u n c t i o n s  xixj, i = 1 ,..., k, j = 1 ,.,., i. Then B1 

and B2 can be chosen so t h a t  fl (x)B1 - f 2 ( x ) B 2  = ( X  - x O ) ( x  - x O ) ' .  

Another s i t u a t i o n  i n  which t h e  c o n d i t i o n  i s  s a t i s f i e d  i s  if 

k 
fi (x)Bi = BiO + 8. .x 

j = l  I J  j 

and R = Cx: xj, 5 x j  5 xJ, j = 1 ,.. . , k l ,  t h e  model cons idered  by 

Tsutakawa and Hewett (1978) and Hewett and Labab id i  (1980). Then 

B1 and B2 can be chosen so t h a t  
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which i s  zero f o r  x = (xl, ,... ,xk,) and p o s i t i v e  f o r  a l l  o ther  

x E R, 

Theorem 2: Suppose 

k 
fi(x)Bi = BiO + 1 Bi j ~ j  j=1 

and R has the  form R = I x :  xj, 5 x .  i x?, j = 1 ,..., k l .  Consider 
J -  J 

the t e s t  which r e j e c t s  Ho i f  T* 7 tl-a,v where T* = min T ( x )  and X*  
k XEX* i s  the  s e t  of 2 po in t s  f o r  which x i s  e i t h e r  x o r  x* Suppose 

j j* j' 
ct ( .5. Then the  t e s t s  based on T* and T are equivalent .  

Proof. For any k + 1 dimensional vectors bl and b2 and 

s > 0, T(x)  i s  a l i n e a r  f unc t i on  o f  (xl,. . . ,xk) d i v i ded  by the  

square r o o t  o f  a quadra t ic  f u n c t i o n  o f  (xl ,. . ,xk) which i s  p o s i t i v e  
k 

f o r  a l l  (xl ,. . . ,xk) E R . Such a func t i on  has the  proper ty  t h a t  

T* = min T(x)  2 0 imp l i es  T* = min T(x)  = T. (This i s  e a s i l y  
x R 

Prove$Ei;)r k = 1 and can be proves f o r  general k by induct ion , )  

Suppose bl, b2 and s are such t h a t  T* r e j e c t s  Ho. Then 

T* > t > 0, s ince a 5 .5, so T = T* and T a l so  r e j e c t s  Ho. 1-a,v = 
For any bl, b2 and s > 0, T T* so i f  T r e j e c t s  Ho, so does 

T*, 1 j 
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