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The paper deals with the existence, multiplicity and nonexistence of positive radial solutions for the elliptic
system div(|Vu; P72V )+ Mk (|]) £ (wty - - -y un) = 0, p> 1, Ri < |z| < Ra, us(z) = 0,0n|z| = Ry
and Ry, i = 1,...,n, z € RY, where k; and fii=1,. .., M, are continuous and nonnegative functions.
Letu = (u1,...,un), @(t) = ‘t|p72t, fé = hmH“H*’O %, féo = hmHuH*’OO %, i =1,...,n,
f=(f'. M) fo =" foandfso = Y7 | fi,. Weprove thateither f, = 0 and foc = oo (superlinear),
or fy = oo and fo = 0 (sublinear), guarantee existence for all A > 0. In addition, if f*(u) > 0 for ||u]| > 0,
1 = 1,...,n, then either fy = foo = 0, or fy = foo = oo, guarantee multiplicity for sufficiently large, or
small A, respectively. On the other hand, either fo and foc > 0, or fo and foo < oo imply nonexistence

for sufficiently large, or small A, respectively. Furthermore, all the results are valid for Dirichlet/Neumann
boundary conditions. We shall use fixed point theorems in a cone.
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1 Introduction

In this paper we consider the existence, multiplicity and nonexistence of positive radial solutions for the quasi-
linear elliptic system

div (|Vu1 [P72Vuq) + Mer (|2]) f2 (uns - - . up) = 0,
(1.1)
div (|Vun [P=2Vuy,) + My (|2]) 7 (ur, - - -y up) = 0,

in the domain 0 < Ry < |z| < Ry < 0o, © € RN N > 2. with one of the following three sets of the boundary
conditions,

u; =0 on |z =Ry and |z| = Ry, i=1,...,n, (1.2a)
Ou;/Or =0 on || =R; and u; =0 on || =Ry, i=1,...,n, (1.2b)
u; =0 on |z = Ry and Ou;/0r =0 on || =Ry, i=1,...,n, (1.2¢)

where p > 1, 7 = |z| and 9/0r denotes differentiation in the radial direction.
When n = 1, (1.1) becomes the scalar quasilinear equation

div (|[VulP~2Vu) + Me(|z|) f(u) =0, in Ry < |z| < Ro, z€RN, N>2. (1.3)
When p = 2, (1.3) further reduces to the classical semilinear elliptic equation
Au+ Ne(|z))f(u) =0, in Ry < |z] < Ry, z€RYN, N>2. (1.4)
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It was proved in [3, 12, 17] that (1.4) with boundary conditions has a positive radial solution under the as-

sumption that f is superlinear, i.e., fo = lim,_, LJ) = 0and foo = limy_— % = o0, or f is sublinear,
ie., fo = lim,_g % = oo and foo, = limy o Llf) = 0. Related multiplicity and nonexistence results can be

foundin[1, 5,7, 8, 14, 15, 18] and others.

In this paper, we shall show appropriate combinations of superlinearity and sublinearity of f at zero and
infinity for (1.1) guarantee the existence, multiplicity and nonexistence of positive radial solutions of (1.1). For
this purpose, we introduce the notation f; and f.,, to characterize superlinearity and sublinearity for (1.1). They
are natural extensions of fy and f., defined above for the scalar equation.

Ambrosetti, Brezis and Cerami [2], Brezis and Nirenberg [4] studied the combined effects of concave and
convex nonlinearities on the number of positive solutions of the Dirchlet boundary value problem for Au +
AuPt +uP? = 0 with 0 < p; < 1 < ps in general domains. Note that Au + AuP* + uP? = 0 is equivalent to

(1.4) by a simple change of variables, u = A7 v and W= )\%, which transforms Awu + AuP* + uP? = (
into Av + p(vPr + vP2) = 0. It was shown in [2] that, among others, there are two positive solutions to the
Dirchlet problem for A € (0,A), A > 0. It is important to observe that fy = foo = 00 if f = uP* + uP? for
0 < p1 <1 < py < oco. Thus Theorem 1.2 (d) is consistent with this result in [2]. Our results can be viewed
as a generalization of the related results in [2, 4] to the quasilinear linear elliptic system (1.1). In addition, we
consider the number of positive solutions of (1.1) under all possible appropriate combinations of fy and f,. Our
results also show that convexity and monotonicity conditions are not necessary for the existence and multiplicity
results at least for annular domains.

Our arguments are based on the fixed point index. Many authors have used the fixed point index for the
existence of positive solutions of differential equations, see e.g. [6, 9, 17, 18, 20]. Variational methods have been
frequently used for Hamiltonian systems and gradient systems. However, there is apparently no possibility of
using variational methods for the n-dimensional quasilinear elliptic system (1.1), and one has to use topological
methods.

We now turn to the general assumptions for this paper. Let p(t) = [t|P~2%t,p > 1, R = (—00,00), Ry =

[0,00) and R = Ry x ... x Ry. Also, foru = (uy,...,u,) € R%, let [ul| = > |u;|. We make the
N— ————
assumptions:
(H1). f*:R% — Ry is continuous, i = 1,...,n.

(H2). k; : [R1, R2] — [0, 00) is continuous and k; # 0 on any subinterval of [Ry, Ra], i =1,...,n.
(H3). f'(u1,...,un) > 0foru= (u,...,u,) € R and [Jul| >0,i=1,...,n.
In order to state our results, let
f(u) = (fl(u)7 e ,f”(u)) = (fl(ul7 ey Un)y ey (U, . ,un))
Then we introduce the notation

i . fi(w)

fo= lim . f= lim , 1=1,...,n,
O o e(flull) T jul oo ¢(|[ul)
where u = (uy,...,u,) € RY,
n n
fo=> fi fo=>_ fi. (1.5)
=1 =1

Our main results are:

Theorem 1.1 Assume (H1) and (H2) hold.

(a). If fo = 0 and o = oo, then for all A > 0 (1.1)—(1.2) has a positive radial solution.
(b). If £y = 00 and £, = 0, then for all X > 0 (1.1)~(1.2) has a positive radial solution.
Theorem 1.2 Assume (H1)-(H3) hold.

(@). If £y = 0 or foc = 0, then there exists a A\g > 0 such that for all A\ > Xy (1.1)—(1.2) has a positive radial
solution.
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b). If £y = 00 or fo = o0, then there exists a Ao > 0 such that for all 0 < A\ < g (1.1)—(1.2) has a positive
radial solution.

(©). If fg = fc = O, then there exists a \y > 0 such that for all A\ > Ay (1.1)—(1.2) has two positive radial
solutions.

(d). If fy = foo = 00, then there exists a Ao > 0 such that for all 0 < X\ < Ao (1.1)=(1.2) has two positive
radial solutions.

(e). If fy < oo and fo, < 00, then there exists a \og > 0 such that for all 0 < \ < Ao (1.1)-(1.2) has no
positive radial solution.

®). If fy > 0 and £ > 0, then there exists a A\g > 0 such that for all A > Ao (1.1)—(1.2) has no positive
radial solution.

When A = 1, Theorem 1.1 was proved in [19]. For N = 1, (1.1) becomes a system of ordinary differential
equations. Theorems 1.1 and 1.2 for systems of ordinary differential equations were obtained in [20].

2 Preliminaries

A radial solution of (1.1)—(1.2) can be considered as a solution of the system

(PN Loy (1) + NN Yk () f (s - ug) = 0,

. 2.1)
(rN’lgo(u;L(r)))/ + ArN e, (r) f (ua, e ug) = 0,
0 < R; <r < Ry < 0o, with one of the following three sets of the boundary conditions,
wi(R1) =ui(Re) =0, i=1,...,n, (2.2a)
w,(R1) =u;(R2) =0, i=1,...,n, (2.2b)
uwi(Ry) =u;(R2) =0, i=1,...,n. (2.2¢)
We shall treat classical solutions of (2.1)—(2.2), namely vector-valued functions u = (u1(r),...,u,(r)) €

CH([R1, Ra), R™) with p(u}) € CY(Ry,Ry), i = 1,...,n, which satisfies (2.1) for r € (Ry, R2) and one of
(2.2). A solution u(r) = (u1(r),...,u,(r)) is positive if u;(r) > 0,4 =1,...,n, forall r € (R, Rz) and there
is at least one nontrivial component of u. In fact, we shall show that such a nontrivial component of u is positive
on (Ry, Ry).

Applying the change of variables, r = (Ry — R1)t + R;, we can transform (2.1)—(2.2) into the form

(a(D)p(Cul)) + M (t) () = 0,

. (2.3)
(a()e(Cup)) + M () (1) = 0
0 < t < 1, with one of the following three sets of the boundary conditions,
u(0) =u(l) =0, (2.4a)
u’(0) =u(1) =0, (2.4b)
u(0) = u'(1) =0, (2.4¢)
where
ult) = ((0) o ua(0), alt) = (Ra = Ra)t+ BN, (= ot
and

hL(t) = (R2 — Rl)((Rg — Rl)t + Rl)Nilki((Rg — Rl)t + Rl), 1=1,...,n.

It is clear that ¢(¢) > 0 € C[0, 1] and is nondecreasing for ¢ € [0, 1], and h; : [0, 1] — [0, c0) is continuous
and h; # 0 on any subinterval of [0,1],i =1,...,n.

For (2.3)-(2.4) we shall prove Theorems 2.1 and 2.2, which immediately imply that Theorems 1.1 and 1.2 are
true.
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Theorem 2.1 Assume (H1)-(H2) hold.

(a). If £y = 0 and £, = oo, then for all A > 0 (2.3)—~(2.4) has a positive solution.

(b). If £y = 00 and £, = 0, then for all X > 0 (2.3)—(2.4) has a positive solution.

Theorem 2.2 Assume (H1)—(H3) hold.

(@). If fy = 0 or f5o = 0, then there exists a \g > 0 such that for all A > Ao (2.3)—(2.4) has a positive
solution.

b). If £y = foo = 0, then there exists a \g > 0 such that for all A > \g (2.3)—(2.4) has two positive solutions.

(¢). If £y = o0 or foo = 00, then there exists a Ao > 0 such that for all 0 < X\ < Ao (2.3)—(2.4) has a positive
solution.

(d). If fy = foo = 00, then there exists a Ao > 0 such that for all 0 < X\ < Ao (2.3)-(2.4) has two positive
solutions.

(e). If fy < oo and o, < 00, then there exists a Ay > 0 such that for all 0 < \ < Ao (2.3)-(2.4) has no
positive solution.

®). If fo > 0 and £, > 0, then there exists a \g > 0 such that for all X > g (2.3)-(2.4) has no positive
solution.

We recall some concepts and conclusions on the fixed point index in a cone in [9, 10]. Let E be a Banach
space and K be a closed, nonempty subset of E. K is said to be a cone if (i) au + v € K forall u,v € K and
all «, 6 > 0 and (ii) u,—u € K imply u = 0. Assume €2 is a bounded open subset in E with the boundary 02,
and let T : K N Q) — K is completely continuous such that T2z # z for € 9Q N K, then the fixed point index
(T, KNQ, K)is defined. If i(T, K N Q, K) # 0, then T has a fixed point in K N Q. The following well-known
result of the fixed point index is crucial in our arguments.

Lemma 2.3 ([9, 10]). Let E be a Banach space and K a cone in E. Forr > 0, define K, = {u € K :
llz|| < r}. Assume that T : K, — K is completely continuous such that Tx # x for v € 0K, = {u € K :
[zl = 7}.

@ If ||Tz|| > ||z|| for x € OK,, then

i(T, K, K) = 0.
Gi) 1 |7 < |jel| for o € OIK,, then
(T, K, K) = 1.
In order to apply Lemma 2.3 to (2.3)—(2.4), let X be the Banach space C[0,1] x ... x C[0,1] and, for u =

n

(ula"'vun) EX;
n

lall =" Sup]|ui(t)|'

i=1 t€l0;

For u € X or R%, ||ul| denotes the norm of u in X or R”, respectively.
Define K a cone in X by

1 3
1Sty i=1

- 1
K= {u—(ul,...,un) €X :u(t)>0,t€]0,1],i=1,...,n, and min u; (t) > Z|u||}

Also, define, for r a positive number, §2,. by
Q. ={ue K:|u|| <r}

Note that 9Q, = {fu € K : ||u|| =7}.
Let Ty : K — X be a map with components (T3, ...,T%). We define T}, i = 1,...,n, by

/Ot %¢—1 <%s)>‘/; hi(r) £ (u(r)) d7> ds, 0<t<o;,

/t1 %5071 <%s)>‘/: hi(T)fi(u(T))dT) ds, o;<t<]1,

(© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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where o; = 0 for (2.3)—~(2.4b) and o; = 1 for (2.3)—~(2.4c). For (2.3)-(2.4a) o; € (0,1) is a solution of the
equation

Ou(t) =0, 0<t<1, (2.6)
where the map ©° : K — ([0, 1] is defined by

out) = [ 1o (s [t ey ar ) as
- / 1 207! (ﬁ / () fi(u(r)) dr) ds, 0<t<1.

By virtue of Lemma 2.4, the operator Ty, is well-defined.
Lemma 2.4 ([18, 20]) Assume (H1)—~(H2) hold. Then, for anyu € K andi = 1,...,n, ©'u(t) = 0 has at

2.7

least one solution in (0,1). In addition, if o} < o? € (0,1), i = 1,...,n, are two solutions of ©™u(t) = 0,
then hi(t)f*(u(t)) = 0 fort € [o},02] and any o; € [0}, 02] is also a solution of ©"u(t) = 0. Furthermore,
Tiu(t), i = 1,...,n, is independent of the choice of o; € [01-1, J,?].

The following lemma is a standard result due to the concavity of u(¢) on [0, 1].

Lemma 2.5 Assume u € C'[0,1] with u(t) > 0 for t € [0,1], and q > 0 is nondecreasing for t € [0,1]. If
q(t)p(Cu’) is nonincreasing on [0, 1], then u(t) > min{t, 1 — t} sup,c(o 1)|u(t)|, t € [0, 1]. In particular,

1
min_ u(t) > = sup |u(t)].
F<t<3 te[0,1]

Proof. Note that o~ is increasing and ¢(t) is nondecreasing. Because q(t)y(Cu') is nonincreasing on [0, 1],
we find that () is nonincreasing. Hence, for 0 < to <t < t; <1,

u(t) —u(ty) = / u'(s)ds > (t — to)u'(t)

to
and

u(ty) —u(t) = /t 1 u'(s)ds < (t1 — t)u'(t),

from which, we have

u(t) > (t —to)u(ty) + (t1 — t)u(to).
- t1 — 1o

Considering the above inequality on [0, o] and [o, 1], we obtain
w(t) > t]|ull for te (0,0,
u(t) > (1 —1t)||u|]| for t€[o,1],
where o € [0, 1] such that u(o) = ||u||. Hence, we have u(t) > min{t, 1 — ¢}||u|| for t € [0, 1]. O

We remark that, according to Lemma 2.5, any nontrivial component of nonnegative solutions of (2.3)—(2.4) is
positive on (0, 1).
Lemma 2.6 Assume (H1)—(H2) hold. Then T»(K) C K and T : K — K is compact and continuous.

Proof. Lemma 2.5 implies that T»(K) C K. It is not hard to see that T is compact and continuous (see
[20] for a proof). O

Now it is not difficult to show that u € K is a solution of (2.3)—(2.4) if and only if u is a fixed point equation
Tyu=u in K.
Note that fort > 0, p(t) =t*~1, p> land = 1(t) = 77 Ttis easy to verify the following lemma.

www.mn-journal.com © 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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It follows from Lemma 2.8 that
ITxuf > o'Wy [luf > [lu] for ue o,
It follows from Lemma 2.3 that
i(Tx, Qp, K) =1, (Tx,Q,,K)=0 and i(Ty,Q,,K)=0,

and hence, i(Tx, 2y, \ Qp,, K) = Land i(Ty, Qy, \ Q,, K) = —1. Thus, T, has a fixed pointin Q,, \ €, or
0, \ Q,, according to fo = 0o or f., = oo, respectively. Consequently, (2.3)—(2.4) has a positive solution for
0< A< Ao

Part (c). Fix two numbers 0 < r3 < r4. Lemma 2.11 implies that there exists a Ao > 0 such that we have, for
A > )\Q,

[Txu|| > |lul|, for ue€d, (i=34).

Since f; = 0 and f, = 0, it follows from the proof of Theorem 2.2 (a) that we can choose 0 < 1 < r3/2 and
r9 > 214 such that

ITxul| < |lul], for ued, (i=1,2).
It follows from Lemma 2.3 that

i(Tx, Q, K) =1, (Tx,Q,,K)=1,
and

i(Tx, gy, K) =0, i(Tx,Q,,K)=0

and hence, (T, Qp, \ Qr,, K) = —1and i(Tx,Qy, \ Qr,, K) = 1. Thus, T} has two fixed points u; (¢) and
uy(t) such that uy (t) € Q. \ Q,, and ua(t) € Q,, \ Q,.,, which are the desired distinct positive solutions of
(2.3)—(2.4) for A > ) satisfying

r1 < |lw| <rz <ry<|ug <ra.

Part (d). Fix two numbers 0 < r3 < r4. Lemma 2.12 implies that there exists a Ay > 0 such that we have, for
0< A< Ao

[Tau|| < |lull, for ue€d, (i=34).

Since fy = oo and f, = o0, it follows from the proof of Theorem 2.2 (b) that we can choose 0 < r1 < r3/2 and
r9 > 214 such that

ITxul| > ||ul], for ued, (i=1,2).
It follows from Lemma 2.3 that

i(Tx, 2y, K) =0, i(Ty,Qp,, K)=0,
and

i(Tx, Qpy, K) =1, (Ty,Q,,,K)=1

and hence, i(Tx, Qp, \ Qr,, K) = 1and i(Tx,Qy, \ O, K) = —1. Thus, T} has two fixed points u; () and
uy(t) such that uy (t) € Q. \ Q,, and ua(t) € Q,, \ Q,.,, which are the desired distinct positive solutions of
(2.3)-(2.4) for A < ) satisfying

r1 < |lw| <r3 <ry<|ug <ra.

www.mn-journal.com © 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



1428 O’Regan and Haiyan Wang: Positive solutions of elliptic systems

Part (e). Since fy < oo and f,, < oo, then f§ < oo and fi, < oo, i = 1,...,n. Therefore, for each
1 =1,...,n, there exist positive numbers €}, €5, 7] and 5 such that ] < 75,

fi(w) <ele(ul) for weRy, |[uf <7,

and
F'(w) <ehp([ul) for weRy, [ull =75
Let
,4 ;L fiw - - -
' = max | €],€5, max Sl cuelRY, ri<Jul|<rypp>0 and &= _max {e'} > 0.

Thus, we have
‘(u) <ep(|lu for ueR}, i=1,...,n.

Assume v (t) is a positive solution of (2.3)—(2.4). We will show that this leads to a contradiction for 0 < A < Ao,
where

1
n _ e 1
%Zi=1 ot (m Jo hi(7) dT)

In fact, for 0 < A < Ao, since Tyv(t) = v(t) fort € [0, 1], we find

)\0:@

V]l = [ITxv]]

which is a contradiction.

Part (f). Since fy > 0 and f,, > 0, there exist two components f* and f7 of f such that f} > 0 and fZ, > 0.
Therefore, there exist positive numbers 7y, 72, 71 and ro such that ry < ro,

f1() = me(ul) for ueR}, |ull <r,
and
Fw) > me(ul]) for ueR}, [uf>r.

. | () a1
73 = min < 1y, 772, Min cu€eRY, —r <|u|| <r2pp >0.
{ {<P(|11||) 4

Let

Thus, we have

f1() = nso(|uf]) for ueR}, |ull <r,
and

; 1
f(u) 2 nsp(ull) for weRL, [uf= 2.

(© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Since nz(|[ul]) = ¢ (¢~ (n3)) ¢ ([lul]), it follows that

i) > el (m)llull) for weRy, [ul <, 4.1)
and
. _ . 1
fa) > o(e ()|ull) for weR}, |ull> TS (4.2)
Assume v(t) = (vy,...,vy) is a positive solution of (2.3)-(2.4). We will show that this leads to a contradic-

tion for A > Ao = ¢ (r=r55y) - In fact, if ||v|| < r1, (4.1) implies that

fi(v(t))ng(gp‘l(ng)Zvi(t)), for te[0,1].

On the other hand, if ||v|| > 71, then

n
1 1
min vi(t) > —=||v|| > -r
min, 3 u(t) > IV > 3

which, together with (4.2), implies that

Fv(t) = w(sol(n:s)zvi(t))a for te[g,3].

Since Tyv(t) = v(¢) for t € [0, 1], it follows from Lemma 2.8 that, for A > A,
IVl = ITav] = o= (N~ (m3) VI > v,

which is a contradiction. ]
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